@ SINERGISE

Uncertainty of LPIS data or how
to interpret ETS results

Supplementary Material

- 74



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

DOCUMENT HISTORY

Rev. Date Authors Modification

1.0

2011-01-04  Grega Mil inski, Miha Kadunc, Marija Vidmar Created.

TABLE OF CONTENTS

INTRODUCTION ..utitiiiiiiitiiiiiiiiiiieitieieieiebeseseeseeeebesseebssabeeeeeeeeseeeesneeeseennenees 9
MATHEMATICAL BACKGROUND ......cuuiiiiiiiiiiiiiiiiiiiiiiiiieiniiiiieinieinenneenens 10
NUMERICAL ANALYSIS - STUDY OF TRIANGLES..........cccccvveeiiiiie 11
3.1  Area uncertainty dependency ON @rea ........cooccvveveeeeeenieiciveneeeens 12
3.2 Area uncertainty dependency on perimeter .........ccccceeevevcvvnnnnnnn. 14
3.3 Uncertainty of Uncertainty .........ccccoooiiiiiiiiieiiiiiiiieeee e 20
3.4 BUfEr @nalySiS ....uuuuiiiieei i 22
3.5 Effective area UNCErtainty ........cccccouiiiiiiiiiiieeiiiiiiiieeeee e 25
NUMERICAL ANALYSIS - STUDY OF RECTANGLES.........cccvvvviviiinnnes 27
3 CASES OF RECTANGLES ......oitiiiiiiiiiiiie et 31
5.1 MOEL . 32
5.2 RESUIS ..ooiiiii i 33
5.3 DOP 35
5.4 DOP 4 DIG..coiiiiiiiiiiiee et 36
5.5 DOP + DIG 4 INT.oiiiiiiiiiiiiiiiiiiee ettt 37
5.6 ET S 39
DT BT S s 41
5.8 OIS 42
5.9 Comparison of REA and "2 sigma” interval .........ccccccoeeeviicvvnnnnnnnn. 44
FURTHER EXAMPLES ......ottiiiiiiiiiiiiiiiiiiiiiiiiiiiii i 45
6.1 3 cases of rectangles - different parameters..........cccoeciieeiieennnnne 45

6.2 ShOrter SEgMENLS . .ccciiviieiiieee e e e e e e e e s r e e e e e e 49



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

7 CONCLUSION ...ttt be e 53
8 UNCERTAINTY COMPOSITION ..ottt 55
9 UNCERTAINTY  OF RELATIVE DIFFERENCE OF TWO
MEASUREMENTS ...ttt 55
10 UNCERTAINTY OF POLYGON AREA DERIVED FROM POINT
POSITION ERROR ..ottt 56
10.1 1. Area error produced by independent point position error.......... 56

10.2 2. Area error produced by correlated offset from the true boundary58

11 ABOUT RMSE AND 95% CONFIDENCE INTERVAL IN THE NORMAL

DISTRIBUTION . ...tttttttttttttitiiitiebtitieieisiebeiebsesbsbsbssebsbsbebsbsbeesbsbsbessesbnnnenenne 60
12 STATISTICAL ANALYSIS OF SLOVENIAN LPIS DATA......ccciiieieeeeee 62
12.1  Area of an individual parcel ..........cccccoiiiiiiiiiiieieee e 62
12.2 Length of the parcel’s boundary ............cccouueieiieiiiiiiiii 64
12.3 Absolute uncertainty of the parcel’'s Area..........c.cccccvvvveeeeeeiiinnnen, 65
12.4 Relative uncertainty of the parcel’'s Area .........ccccooeviiiieieeiiiinnnnen. 67
12.5 Effect on the total area of all parcels.........cccccceeeeviviiiiieeee e, 68
12.6 Thresholds Applied to 95% Confidence Interval................cc......... 68
13 DIGITIZATION EXPERIMENT ...ooiiiiiiiiiiiiiiie et 70



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

TABLE OF FIGURES

Figure 1: Different triangles and radial symmetrical normal distribution of uncertainty of a
Lo LA Vo 10T o BN 7=Tq 1T~ SR 9

Figure 2: Triangle with Sides and VErtiCES ........ooiiiiiiiiiiieieee e 10
Figure 3: The distribution of numerically calculated areas around analytical area (red line)11

Figure 4: Histogram of the distribution - it is the normal distribution and the standard
deviation corresponds to analytical area uncertainty [equation (4)]........ccccecveeeeennne 12

Figure 5: Area uncertainty dependency 0N ar€a =S (( )eeeovccceererreeeeiiiiiinnenreeesessneeneeeeens 13

Figure 6: The square of area uncertainty dependency on area - (A); not much can be
said about the correlation of A both, at one particular area we can have many values
(o) UL Tt =T = 1 Y USRS 13

Figure 7: relative area uncertainty dependency on area is a power law. All variables are
represented in NON-dimensional fOrM ... 14

Figure 8: Area uncertainty dependency on perimeter: it is limited between two linear
borders, the upper representing the isosceles triangles and the lower representing
the equilateral triangles. All variables are represented in non-dimensional form...... 15

Figure 9: Area uncertainty dependency on area at constant perimeter; the smallest
uncertainty belongs to the triangles with the biggest area - these are the equilateral-
like ones; the biggest uncertainty belongs to another special type of triangles -
isosceles-like with very small angles between the longer sides..........cccccceveeeviinnneee. 16

Figure 10: Triangles with the smallest area uncertainty - the ones that lie on the right side
of the graph from Figure 6 - they are similar to equilateral triangles......................... 16

Figure 11: Triangles with the biggest area uncertainty - they are similar to isosceles

triangles with one side much shorter than the other two.............ccccovviee e, 17
Figure 12: Small ratio e 18
1o [0 I il =T [0 =T gl > o PSP 18
Figure 14: Large rati0 oo e e 19

Figure 15: The difference between numerically and analytically calculated area that
(o =T oT=T a0 S0 g I o 1= ] 1 0= (= USSR 20

Figure 16: The convergence of area uncertainty towards the analytical value when M —
the number of triangles in Monte Carlo simulation — gets bigger.........cccccooviiineeee.n. 21

Figure 17: The uncertainty of area UnCertainty...........cccccoriiiiiiiiiiieeneieecee e 21

Figure 18: The distribution of area uncertainty is also a normal distribution and there- fore
the uncertainty of area uncertainty can be interpreted as a standard deviation of

B gLt =T g =T a1 /TP PURT 22
Figure 19: Triangle with an outer buffer (blue line) and inner buffer (green line).............. 22
Figure 20: Correlation between area uncertainty and buffer area; Sgp =00L..oiinn, 24
Figure 21: Correlation between full area and average triangle area; Sg =00I..... 24



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

Figure 22: Correlation between area uncertainty and buffer area; So =01, 24
Figure 23: Correlation between full area and average triangle area; S =01, 24
Figure 24: Correlation between area uncertainty and buffer area; So =05, 25
Figure 25: Correlation between full area and average triangle area; Sgp =05, 25

Figure 26: Effective uncertainty s (red curve) in comparison to analytically calculated
uncertainty S (black curve) for the case of isosceles triangles with a side and constant

perimeter SO=200 .................................................................................................. 26
Figure 27: Comparison of numerical (red line) and analytical area (black lin€)............c.ccccvvvveee... 26
Figure 28: The difference between both areas. ..........cccccoiiiiiiiiiiiiiii e 26

Figure 29: Normalized area error (area uncertainty) dependency on normalized area for a
rectangle; s - area uncertainty, A -area, - vertex uncertainty; In general, area
uncertainty grows with area; at one particular area A/ we still can have different
values of s and the small ones correspond to the most regular shape - square like
and the bigger ones correspond to elongated rectangles. ............ccoceeevveeeieeecneeenen. 27

Figure 30: Relative area error dependency on normalized area for a rectangle; s - area
uncertainty, -area, S - RMSE; for parcels, smaller than = 1000 - that is if

Sg = 1m, = 1000m2 - relative area error is more than 10%. At one particular
normalized area s we still can have different values of s and the small ones
correspond to the most regular shape - square lKe. .........cccoooiiiiiiiiiiiiiiiiiiieeee 28
Figure 31: Absolute normalized area error (area uncertainty) dependency on perimeter for
a rectangle; s - area uncertainty, -perimeter, So- RMSE; s grows with perimeter between two
borders - the upper border corresponds to an elongated rectangle and the lower to a
square; all rectangles fall in DEtWEEN. ... 29
Figure 32: Absolute normalized area error (area uncertainty) dependency on area at a
constant perimeter for a rectangle; s - area uncertainty, -area, So - RMSE; this graph

shows dependency on how elongated the rectangle is; all rectangles have the same
perimeter here and the ones with the smallest s and the biggest A are squares, the ones
with the biggest s and the smallest A are most elongated. Between these two limits is a linear
L] Lo TR 30

Figure 33: The same as the above graph, just for relative area error - here we can't see
the linear trend, so for the study of behaviour at constant perimeter it's better to
observe the absolute area UNCErtaiNtY. .........uvvvieeiiiiiiiiiie e 30

Figure 34: Three types of rectangles: (a) long rectangle, a/b = 30; (b) middle rectangle a/b
=10 and (c) square with a = b. They all have the same area. ...............cccvvvvreeeennns 31

Figure 35: Normal distribution of area for DOP type with "s" and "2 s" interval ............... 34

Figure 36: Normal distribution of relative difference of areas for ETS type with "s" and "2
S AMEEIVAL. ...t 34

Figure 37: Linear scale example for DOP - for larger areas it is hard to read details....... 35



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

Figure 38: DOP, REA; red line - long rectangle; green line - middle rectangle; blue line -
1o (UL TP PPPPPPPPPPPPP 36

Figure 39: DOP, "2 s" interval; red line - long rectangle; green line - middle rectangle; blue
T TSI Yo U = PR 36

Figure 40: DOP + DIG, REA,; red line - long rectangle; green line - middle rectangle; blue
[INE — SOUAIE. .ttt e ettt e e e e e ettt e e e e e e e e anbb e e e e e e e e e e nnneees 37

Figure 41: DOP + DIG, "2 s" interval; red line - long rectangle; green line - middle
rectangle; BIUE liNE — SQUANE. ....vvviie e e e e e e e 37

Figure 42: DOP + DIG + INT, REA, red line - long rectangle; green line - middle rectangle;
DIUE [INE — SQUAIE. ... e e et e e e e e e e 38

Figure 43: DOP + DIG + INT, "2 s" interval; red line - long rectangle; green line - middle
rectangle; BIUE liNE — SQUANE. ....vvviie e e e e e e 38

Figure 44: ETS1, REA,; First (DOP, DIG, INT) = (1m, 0.4 m, 1m), Second (DOP, DIG, INT)

(2.5 M, 0.41M, 0) 1ottt bbbt e b aeas 40
Figure 45: ETS1, "2 s" interval; First (DOP, DIG, INT) = (1m, 0.4 m, 1m), Second (DOP,
DIG, INT) = (2.5 M, 0.4 M, 0) 1.eeiiiiiiiiiieiiie ettt ettt be e niee e 41
Figure 46: ETS2, REA,; First (DOP, DIG, INT) = (Om, 0.4m, 1m), Second (DOP, DIG, INT)
e (0 TR 2 3 4 00 USSR 42
Figure 47: ETS2, "2 s" interval; First (DOP, DIG, INT) = (Om, 0.4m, 1m), Second (DOP,
DIG, INT) = (0m, 0.41M, OIM) .outiiiiiiieiiieeeiiee ettt ettt e sb e st e s seb e e beeenneeeas 42
Figure 48: OTS, REA, First (DOP, DIG, INT) = (1m, 0.4m, 1m), Second (DOP, DIG, INT) =
(0.295M, 0.0, 0) eeieiiriieiirie ettt 43
Figure 49: OTS, "2 s" interval; First (DOP, DIG, INT) = (1m, 0.4m, 1m), Second (DOP,
DIG, INT) = (0.195M, 0.0, 0) ..veiiiuiieiiieeiiieeiie ettt st e seb e beeeniee e 43
Figure 50: Linear scale example for DOP with RMSE = 0.2 M..cccoovviiiiiiiiieiee e, 46

Figure 51: DOP, REA for RMSE = 0.2 m; red line - long rectangle, green line - middle
rectangle, DIUE lINE = SQUATE .......oiiii i 47

Figure 52: DOP + DIG, REA for RMSE = 0.2 m; red line - long rectangle, green line -
middle rectangle, blue [IN€ = SQUAIE .........uuviieeeiiiiiiiiee e a7

Figure 53: DOP + DIG + INT, REA for RMSE = 0.2 m; red line - long rectangle, green line
- middle rectangle, blue liN€ - SQUAIE ..........uuiiiiiiaiiii e 48

Figure 54: DOP + DIG + INT, "2 s"interval for RMSE = 0.2 m; red line - long rectangle, green line -
middle rectangle, blue lIN€ — SQUAIE..........uuvvieeiiiiiiiiee e 48

Figure 55: ETS1, "2 s"interval for RMSE = 0.2 m (first case) and RMSE = 0.4 m (second case);
red line - long rectangle, green line - middle rectangle, blue line - square ............... 49

Figure 56: The original rectangle with four VErtices ... 50

Figure 57: Rectangle, transformed into polygon with shorter segments - the red points are

the addEd VEITICES ..ooiveeeeeeeeeeeeeeeeeeeeeeeeee et 50
FIQUIE 58: 1 = 0 8ttt ettt e e e e e et e e e e e e eeaae s 51
1o T =TT R O 8 TSSO 51



@ SINERGISE

Uncertainty of LPIS data or how to interpret ETS results

1o T LI S 0 A B O PP TR 52

Figure 61: DOP, REA with RMSE = 1m and segment length | = 30 m; comparison
between the original rectangles and the ones with segments; red line - long
rectangle, green line - middle rectangle, blue line - square, orange line - long
rectangle with segments, turquoise line - middle rectangle with segments, violet line -
SQUArE WIth SEOMENES. ... .t e e e e eee s 53

Figure 62: Normal distribution centred at O..........cc.ueviiiieiiiiii e 60

Figure 63: 68% of all the values fall between — and , and 95% of all the values fall
between -1.96  and 1.96  ....coooiiiiiiie e 61

LIST OF TABLES

Table 1: Area that has bigger relative area uncertainty than the percent on the left in ha =
105 2; Upper triplet: square; middle triplet: middle rectangle; lower triplet: long
L1703 7= U o | [ PSSR 39

Table 2: Area that has bigger "2 s" error than the percent on the left in ha = 105 2 for "2

s" interval (95%); Upper triplet: square; middle triplet: middle rectangle; lower triplet:
(o7 g T I =Tox 7= Ut o | PSR 39

Table 3: Area that has bigger relative area uncertainty than the percent on the left in ha =

105 2 for ETS1 model. Upper half: REA - 1 s interval (67%), lower half: "2 s interval
(1) I TP P R UURTOPPROPRURR 40

Table 4: Area that has bigger relative area uncertainty than the percent on the left in ha =

105 2 for ETS2 scenario; upper half: REA - 1 s interval (67%), lower half "2 s" interval
(131 PSSP TR PPROPRPTP 41

Table 5: Area that has bigger relative area uncertainty than the percent on the left in ha =

105 2 for OTS scenario. Upper half: REA - 1 s interval (67%), lower half: "2 s" interval
(131 SO P O P RO PPROPRPUP 44

Table 6: Comparison between different scenarios: REA at 100 ha (first - third line), 2ha
(4th - 6th line), 1 ha (7th - 9th line), 0.5 ha(10th to 12th line), 0.1 ha (13th to 15th
=) PSSR 44

Table 7: Comparison between different scenarios: "2 s" interval at 100ha (first - third line),
2ha (4th - 6th line), 1 ha(7th - 9th line), 0.5 ha (10th to 12th line) and 0.1 ha (13th to
L5EN TIN@) ettt e e e e e e e e e e e e nnnee s 45

Table 8: Comparison between different scenarios: "2 s" interval at 100ha (first - third line),
2ha (4th - 6th line), 1 ha(7th - 9th line), 0.5 ha (10th to 12th line) and 0.1 ha (13th to
L] 1 1T T TSP 49



Uncertainty of LPIS data or how to interpret ETS results

1

2|

3

4

5]

@ SINERGISE

REFERENCED DOCUMENTS

Chrisman N. R. and Yandell, B. S.:
, Surveying and Mapping, 241 - 246, 1988

Wu, H,, Liu Z. and Lin, L.:
(Geoninformatics 2008 and Joint conference on GIS and
Built Enviroment, 2008).

Hejmanowska, B.: , 2005
(http://mars.jrc.ec.europa.eu/mars/content/download/800/5268/file/Validati
onMethodFinalVer2_2.pdf)

Hejmanovksa, B.: ! , 2010
(http://mars.jrc.ec.europa.eu/mars/content/download/1732/9486/file/S10_P
olygons_Hejmanowska.pdf)

Shi, W.: , 2010,
CRC Press



Uncertainty of LPIS data or how to interpret ETS results

1 INTRODUCTION

We would like to make an estimation of area unéefabased on an
uncertainty of a point. We will study different jperties of polygons which
represent parcels in real world. For basic mathiealadnalysis we will first

study triangles because all other polygons cantlidies] as an analogy to
them, and they represent the simplest of all paiggo

The general idea is that the position of the vestiof the polygon is not
accurate but uncertain and distributed accordingdme distribution. To
make a good approximation of the real world undetyawe picked two-

dimensional, radial symmetrical Gaussian distrinutinormal distribution).

An example for three different triangles can bensea Figure 1. The
uncertainty of any vertex is an input parameter asn@utput we will study
area uncertainty (that can depend on area or peijrend limits within our

model is a good description.

2 4 6 8
Figure 1: Different triangles and radial symmetricaormal distribution of
uncertainty of a point around vertices
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2 MATHEMATICAL BACKGROUND

(x3,¥3)

(xla yl) a (XZa yZ)

Figure 2: Triangle with sides and vertices

We will use some basic mathematical propertiesrettangle: areA

and perimetep

@ SINERGISE

where , are the coordinates of vertices amdb, care the sides of the
triangle as it can be seen on Figure 2.
Area uncertaintyof a polygon can be defined analytically [1] as

where o is the uncertainty of a vertex (we assume thiattihe same for all
vertices), and (, ) are the exact values of the coordinates. In @dse
triangle the above equation can be simplified into

10

(1)

()

®3)

(4)
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3 NUMERICAL ANALYSIS - STUDY OF
TRIANGLES

We want to compare analytical area uncertainty vdh
that we calculate from the distribution of verticeg~or each

triangle we perform Monte Carlo simulation - we damly pick a point
around each vertex according to normal distributiotimes. For each index

we join the three randomly picked points intoiartgle and calculate area
and after having values for area we can calculate area distribiaimharea
uncertainty. We repeat this fgr different triangles.
The interval where we pick points is limited to [}, = 1 and we choose
= 10 and# = 1000 unless differently said. For vertex undatyas0 we
chooses $ = O
The area distribution for one particular triangéa e seen on Figure 3. The
red line represents the average area valﬂn,ev(hich is the same as the area,
calculated from the exact value of verticegequation (1)]. On Figure 4 we
can see the distribution in a histogram form. We sae that the area

distribution is also a . Numerical area uncertaintys- - can
be interpreted as the of this distribution.
St e *

w
(o

Figure 3: The distribution of numerically calculat@areas around analytical area
(red line)

‘lé SINERGISE
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120¢
100}
801
601
401

20¢

Figure 4: Histogram of the distribution - it is theormal distribution and the
standard deviation corresponds to analytical arezertainty [equation (4)]

3.1 Area uncertainty dependency on
area

We would like to know what area uncertairstydepends on. First we look at the
correlation between area uncertainty and area gar&i5. We can see that
area uncertainty is limited downwards - when theaas large enough we
can not expect uncertainties to be small; but &t particular area we can
get many different values of uncertainties. On Feg® we see area
uncertainty squared -+ - here too we can see the bottom line but nothing
specific can be said about area uncertainty atengarea.

It can be easily seen that we get the same rdsoiftei side of a triangle is
parallel to axis. From now on we will study triangles, definadgth
vertices{{ 0& 0} & 2&O}&{ & 3}} unless otherwise stated. From Figures
Figure 5, Figure 6 and Figure 7 we can see thaatea alone is not a very
good parameter when studying general shapes ofigtéa (or other
polygons). At the same area values we can get miigyent values of area
uncertainties. We can assume that the shape afiéimgle could also be an
important property to study.

However, if we observe relative area uncertaisfy , we can see the potential
trend - Figure 7. For smaller areas we have bigtixe area uncertainty
(REA) and as the area gets larger the relative ameartainty gets smaller.
This result will be studied in much more detailtba case of 3 rectangles

12
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A
500 1000 1500 2000 2500 3000 350003

Figure 5: Area uncertainty dependency on area ¢ )

(@)
or;
7000 . .
6000#, 0’“ ’0‘. .
5000 A ‘:$
*

A
500 1000 1500 2000 2500 3000 350003

Figure 6: The square of area uncertainty dependemtyarea - + (A); not much
can be said about the correlation of A both, at @aeticular area we can have
many values of uncertainty

13
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o
A

®%e0e o A
500 1000 1500 2000 2500 3000 35006%

Figure 7: relative area uncertainty dependency aeaais a power law. All
variables are represented in non-dimensional form

3.2 Area uncertainty dependency on
perimeter

On Figure 8 we can see the area uncertainty depepd® perimeter of

the triangles( ). The trend is limited between two linear bordiis can be

interpreted as two limit shapes of triangles - kderal triangle and a
special type of isosceles triangle that has one gmidch shorter than the
other two sides.

Analytically we can see that from equation (4):

,-."10,1/ 2

2 S
) T 9 g
% 3 % T %

% 27% 4—%

"565,/,5 2

where in the equilateral case we ingert 3a and in the isosceles case 2a
(the short side being practically 0). The bottomdeo are the equilateral
triangles, the upper border the isosceles triangles

‘lé SINERGISE
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p

5 10 15 20 25 30 oo

Figure 8: Area uncertainty dependency on perimeteiis limited between two
linear borders, the upper representing the isossefgangles and the lower
representing the equilateral triangles. All variabl are represented in non-
dimensional form.

Next thing we can observe is how area uncertailfyedds on area at a
constant perimeter. We believe this will give umsmew information about

an impact of the shape of a triangle on area umoéyt For one particular

triangle we can see the behaviour on Figure 9. dfea uncertainty is

smallest at the biggest area, at small areas we tvav borders: the upper
and the lower.

From all cases we can find out the ones with thellest area uncertainty
and we can draw a few - Figure 10. We can see thesthe triangles who

are shaped like equilateral triangles or are sidaequilateral triangles.

The same can be done for the case of small aregraatiarea uncertainty -
we look at the triangles, represented by the pomthe upper left part of

graph from the Figure 9. They are shown on FigdreAs we see these are
the ones, similar to isosceles triangles with ade swuch shorter.

‘fé SINERGISE
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Figure 9: Area uncertainty dependency on area atstant perimeter; the smallest
uncertainty belongs to the triangles with the bgfgarea - these are the
equilateral-like ones; the biggest uncertainty Ingle to another special type of
triangles - isosceles-like with very small anglesaeen the longer sides.

Figure 10: Triangles with the smallest area uncerta - the ones that lie on the
right side of the graph from Figure 6 - they arm#ar to equilateral triangles.

16



Uncertainty of LPIS data or how to interpret ETS results

0.5 1 1.5 2 2.5 3 3.5

Figure 11: Triangles with the biggest area uncenmtgi - they are similar to
isosceles triangles with one side much shorter tharother two.

We can observe the borders in more detail;, for thapose we do not
generate the triangles randomly but we observe a@dyilateral and
isosceles triangles - we want to learn more aboovergence to analytical
borders. On Figure 12 we can see the convergemcanfinterval of small
ratios vertex uncertainty/side (a 8 0.01). The special case of isosceles
triangle was generated with the ratio between tiogter and the longer side
k = 10. We can see that the convergence is good.

Figures Figure 12, Figure 13, Figure 14: Convergetw the borders of
equilateral triangle (green line) and isoscelesntie (red line): the
dependency of the area uncertainty on perimetdp); (Figure 12) small
ratio ; (Figure 13) bigger ratio ; (Figure 14) large
ratio ; ais the size of the side.
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| a

P
100 200 300 400 Oo
Figure 12: Small ratio %
o
b
B
Oo

Figure 13: Bigger ratio %

18
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Figure 14: Large ratio %

Now we enlarge the uncertainty of the verticesaiior . — Figure
13. We can see that the equilateral trianglesatitiverge, but the isosceles
are already under the limit of convergence. We alao see that for small
values of o, the numerical model isn’'t good anymore. If we nuioaly
calculate uncertainty with statistics from MonterlGave can never get to
uncertainty that would equal to zero (even if tiges are very small and
analytically uncertainty limits to zero). That cie even better seen on
Figure 14, where the ratio which is quite large.

We can get an analog information if we observe wi@merically calculated
area (the average of all triangles obtained witmtddCarlo) starts to differ
from the analytical area. On Figure 15 we see lihigpens when the ratio
between perimeter and area is 9,9

@ SINERGISE
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AS

o}
0.
0.
0.
0.

P
GCo

Figure 15: The difference between numerically amélgically calculated area
that depends on perimeter

Practically this explains at which ratio o we can no longer trust the
numerical calculation. The red points represenetiiglateral case, the green
ones isosceles. We can see this happens at ratip - when uncertainty
of a vertex is one third of a side of a triangle ¢ase of equilateral triangle).
Based on this result we will only use sides gredben' o in future
simulations.

3.3 Uncertainty of uncertainty

We would like to know how uncertain is area unaetya\We know that area
uncertainty represents the standard deviation efatfea distribution. Now
we want to see how the area uncertainty changes thi number of
triangles included in a Monte Carlo simulation.

On Figure 16 we can see how the average area amtgrbehaves as we
make M, the number of triangles, greater. When lgnisll, the distribution
is not well defined and area uncertainty changegdtue a lot; when M gets
bigger, the numerically calculated uncertainty @ges towards the
analytical value of area uncertainty [equation.(©h Figure 17 we can see
the uncertainty of the area uncertainty — this abdhe small number of
triangles changes a lot but than converges. Andthieg we can observe is
the distribution of the area uncertainty — FiguBs Which is also normal.
From all these we can conclude that the uncertaihtize area uncertainty is
a standard deviation of area uncertainty.

@ SINERGISE
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Figure 16: The convergence of area uncertainty tolwahe analytical value when
M — the number of triangles in Monte Carlo simwati gets bigger
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Figure 17: The uncertainty of area uncertainty.

Both examples (Figures Figure 15 and Figure 16pare for one randomly
chosen triangle.

% SINERGISE
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30 30.5 31 31.5

Figure 18: The distribution of area uncertaintyatso a normal distribution and
there- fore the uncertainty of area uncertainty dam interpreted as a standard
deviation of uncertainty.

3.4 Buffer analysis

Until now we have analyzed area uncertainty baseglestex uncertainty.
Another perspective is the buffer analysis. For whéth of the buffer we
take the same value as we usually took for the ntaioty of the vertexs,
Inside and outside of the triangle we draw the dyudfs it can be seen on Figure
19.

Oo

Oo

Figure 19: Triangle with an outer buffer (blue lin@nd inner buffer (green line)
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We will observe two variables: ., which is the area of the outer
and inner buffer, and , that is the area of the triangle together with th
area of outer buffer, (- We will compare buffer area. with area
uncertaintys and full area ( with the average area of the triangle. To do
that we will observe the correlation between vddaabFor the calculation of
s and we still use Monte Carlo simulation - for eacttlod # triangles we dd
permutations while buffer is calculated only oncedach of# triangles.

On Figures Figure 20, Figure 21, Figure 22, FigdBeFigure 24 and Figure
25 we can see the comparisons for three diffeminsrso$ . On Figure 20
we see the correlation between area uncertaintyand buffer area .,
corr(s & ) at so$ = 0%1. On Figure 22 we observe the same variable, just
with ratio so$ = (0% and on Figure 240$ = 0%. From these Figures we see
something similar to what we have seen on Figuigsré 8, Figure 12,
Figure 13 and Figure 14 - there exists a trenditditnbetween two limit
cases of triangles which are shaped as equilateasigle and isosceles
triangle. At large ratioso$ that correspond to large buffer width we can see
that we no longer have the linear trend.

On Figures Figure 21, Figure 23 and Figure 25 we the correlation
between average triangle areand full buffer area ( . At small ratiosso$

the correlation is linear but when the ratio (andfdr width) gets bigger, we no
longer have the linear trend. That makes senseenwhe buffer area is
comparable to triangle area, some small valuesre& a&an never be
obtained.

Figures Figure 20, Figure 21, Figure 22, FigureRA8ure 24 and Figure 25:
Correlation between area uncertaistyand buffer area. — Figures Figure 20,
Figure 22 and Figure 24; correlation between fudlaa ( (outer buffer +
triangle) and average triangle arela Figures Figure 21, Figure 23 and Figure
25; from top to bottom we change the ratio betwt®npoint uncertainty
and the side of a triangle96$ = 0w for Figures Figure 20 and Figure 26&3 =
O%for Figures Figure 22 and Figure 28$ = O%for Figures Figure 24 and Figure
25.
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Correlation between area uncertainty s Correlation between full area
and bufferarea - (outer buffer + triangle) and average triangle area ;
Oa A
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Figure 20: Correlation between area uncertainty andfer ~ Figure 21: Correlation between full area and averdgangle
area; 50$ 0w area,; so$ =0%
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Figure 22: Correlation between area uncertainty dndfer ~ Figure 23: Correlation between full area and averagangle

area; 50$ =0% area; 50$ =0%
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Figure 24: Correlation between area uncertainty dndfer ~ Figure 25: Correlation between full area and averagangle
area; sO$ =0% area; 50$ =0%

From Figures 20, 21, 22, 23, 24 and 25 we cantsgebuffer is a variable,
correlated with variables we have used so far ramgee area and area
uncertainty calculated from vertex uncertaisty - but it does not give us
new information about the problem of area uncetyain

3.5 Effective area uncertainty

Until now we have calculated area uncertainty as - with an
iteration
5
+ 2 ) ©)
Besides this uncertainty we can also look at the - the only

difference is that now in iteration we do not obsethe difference between
temporary and average area value but the diffesebe®veen the temporary
and analytical area value.

(6)

<== 2 - +*

On Figure 26 we can see and analytically calculated uncertainsy
[equation (4)]

- they both depend on the length of a sid&Ve study this on the case of
isosceles triangle with a constant perimeter2 and ratio vertex
uncertainty/sideso$ = OmL. Analytical uncertainty is the concave curgeis the
one that differs from it (red points). The bestitnity is at minimum of both
uncertainties, the worst is on the borders of therval, at very small and
very big $so. This result is the same as things discoveredarse the most
problematic (the ones with the biggest area unicgyjaare those (isosceles)
triangles which have one side very short or vengle at ® 0 the ones that
can be seen on Figure 11, a® $2 the ones with a large obtuse angle between
equally long sides. The smallest uncertainty is at $3, which means
equilateral triangle.

On Figure 27 we see the difference between nunilgricalculated area
from analytically calculated area, on Figure 28 gan see the absolute
difference between both areas = ., - . .Inthisexample too the biggest
difference is on the borders, in case of very simallery big angles at the top of
isosceles triangles.
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Figure 26: Effective uncertainty (red curve) in comparison to analytically calcidt
uncertainty S

(black curve) for the case of isosceles triangfitis a side and constant
perimeter SO =200
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Figure 27: Comparison of numerical (red line) amalgtical area (black line)
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Figure 28: The difference between both areas.
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4 NUMERICAL ANALYSIS - STUDY OF
RECTANGLES

So far we have seen some properties about areaaintgfrom the study of
triangles. Now we would like to compare some reaswith the study of
rectangles, first in general and then for some ifipezases in more detail.
We use the exact some procedures and formulagriafagion.

On Figure 29 we can see how area uncertainty depemdrea. We can see
that in general absolute area uncertainty grows aiea and that at one
particular area we can have different values o arecertainty. Figure 29 is
similar to Figure 5 - area uncertainty dependencarea for triangles.

A
1000 2000 3000 4000 500003

Figure 29: Normalized area error (area uncertainty) dependenaynormalized
area for a rectangle;s - area uncertainty, A -area,% - vertex uncertainty; In
general, area uncertainty grows with area; at oraatjgular area A/ « we still can
have different values of and the small ones correspond to the most reggsHape
- square like and the biggenes correspond to elongated rectangles.

The same comparison can be done for relative areertaintys$ - Figure
30. Here we can also see the power law trend. €i8Qiis similar to Figure 7.
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. . ‘ @ 4000 090 o0 A
1000 2000 3000 4000 500003

Figure 30: Relative area error dependency on noireal area for a rectangles -
area uncertainty, -area,s_ - RMSE; for parcels, smaller tha o = 1000 -
that is ifs = 1m, = 1000n? - relative area error is more than 10%. At one
particular normalized area$ s_we still can have different valuess$ and the
small ones correspond to the most regular shappiar® like.

Let's compare the dependency of area uncertainfyedmeter - Figure 31.

We again have two borders - the upper represeet®ltingated rectangle
and the lower represents the square - just likbéncase of triangles where
the upper border was an equilateral triangle amdldwer border was an
isosceles triangle. Figure 31 is similar to Fig8re
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Figure 31: Absolute normalized area error (area artainty) dependency on
perimeter for a rectangles - area uncertainty, -perimeter.s - RMSE;s grows with
perimeter between two borders - the upper borderesponds to an elongated
rectangle and the lower to a square; all rectandtgsin between.

Another thing we compare is the behaviour of aneeettainty at constant
perimeter and different areas. In the case ofgtemwe have seen the shape
on Figure 9. We remember that the smallest areartaiaties corresponded
to the regular-like shape - equilateral trianglel &ime biggest uncertainties
corresponded to the most irregular shape - elodgatsceles triangles and
ones similar to them. Area uncertainty dependentyaiea at a constant
perimeter for rectangles can be seen on FigurélB. time both graphs
are a bit different - on Figure 32 we have just ¢inear trend while on
Figure 9 we had a greater area - linear trend prata a curve on bottom
and everything in between in the middle. For trlasgthe linear trend
corresponded to isosceles triangles with smalleabgtween equal sides and
the curve corresponded to isosceles triangles ighangle between equal
sides. Here, in case of rectangles, we do not hawekinds of elongated
rectangles - rectangle can either be elongated laiife ratio between both
sides or more square-like. That is why we have onkytrend on Figure 32.
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Figure 32: Absolute normalized area error (area artainty) dependency on area
at a constant perimeter for a rectangle;- area uncertainty, -area,s_ - RMSE; this
graph shows dependency on how elongated the rdetasigall rectangles have
the same perimeter here and the ones with the estaland the biggest A are squares,
the ones with the biggestand the smallest A are most elongated. Betwesmtthe limits is a
linear trend.

On Figure 33 we can see the relative area uncgrtédat depends on area at

constant perimeter.

o

A —
°l \

4.

3 L

2000 4000 6000 10000 03

Figure 33: The same as the above graph, just fiatikee area error - here we can't
see the linear trend, so for the study of behavatuconstant perimeter it's better

to ob

serve the absolute area uncertainty.

To sum up, rectangles have the same or very sinailan uncertainty
properties as triangles.
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5 3 CASES OF RECTANGLES

Now we want to study three special cases of retganghich have the same
area but different shapes. So far we have obsemedbles in general, now
we want to do some number comparison. Our hypahissithat area
uncertainty largely depends on the shape, not omlgrea (as we have seen
on Figures Figure 5, Figure 6, Figure 7, Figurea®8 Figure 30 we can
have many different values of area uncertaintyreg particular area when
we observe triangles or rectangles in general).

@ SINERGISE

Three cases are: , that has ratio between longer and shorter side
$ =30, ,withratio $ =10and* ,with = %
b| | |
| P
a
b
b Y
- . - ~- -

Figure 34: Three types of rectangles: (a) long aegile, a/b = 30; (b) middle
rectangle a/b = 10 and (c) square with a = b. Tldlyhave the same area.

We will scan a whole interval of areas, from a fedvne® to two million n2.
The only limit is the any side of any rectangle @wWkonot be shorter than
RMSE or vertex uncertainty times three;(p?.To make information more readable
we show area scales in has

We will study six types of uncertainties:

- DOP (digital ortophoto): the only parameter is utaety of a vertex,
RMSE. We estimate it on 1m. Set of parametersris (1, 0).

- DOP + DIG: 2 parameters, uncertainty of a vertek amcertainty caused
by digitalization. Set of parameters is (1m, 0.468@).
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- DOP+ DIG + INT: 3 parameters, RMSE, uncertainty ssal by
digitalization and uncertainty caused by intergieta Set of parameters
is (1m, 0.4036 m, 1m).

- ETS1: comparison of two cases, first is DOP + DIGINT with
parameters (1m, 0.4 m, 1m), second is DOP + DIGh \piirameters
(2.5m, 0.4 m, Om) - in the second case we takeebiB§/SE.

- ETS2: comparison of two versions of the same cafeparameters (1m,
0.4 m, 1m) for the first version and (1 m, 0.4 mf{dy the second version.
Because DOP uncertainty is the same in both vessiendon't use it in
calculation.

- OTS: comparison between DOP and on the spot coffirsl case with
parameters (1m, 0.4 m, 1m) and second case witmeders (0.1948 m,
0m, 0 m).

In first three types (DOP, DOP + DIG and DOP+ DIGNH) we have only

one set of parameters, in last three types we hewesets of parameters -
that is because in first three cases we calculeda ancertainty directly
while in last three cases we compare two digittbzes.

5.1 Model

Let's look at the six above types in more detail:
In the first case (DOP), to simulate the unceneiot a vertex we take
coordinates of an exact polygon (rectangle) andop®ar Monte Carlo on
them. We calculate the area and the uncertaintythef area for each
polygon. The result is the distribution of areatthas a Gaussian shape -
normal distribution. The average area is limitirgvards the analytical
value of area [equation (1)] ds, the number of times Monte Carlo was
performed, grows.
For digitalization uncertainty (DIG) we used resufrom authors [2],
specifically the relationship between the distribat of error and the
turning angle. The distribution can be transfornmed normal distribution
with s = 1%8 for angleg#2, and for digitalization 1:1000 this gives 0.4086
Because RMSE and digitalization uncertainty areaootelated, in the DOP
+ DIG case we can again use normal distribution hwit
4 3 >7 .
Uncertainty caused by interpretation (INT): this¢i we estimate the error
around sides of a rectangle. Again, we randomlyosbofrom normal
distribution with s = 1, but only once for all vertices. In this way et an
envelope around a rectangle (inside or outside).
For ETS we calculate relative error: now we want dompare two
digitalizations. We run Monte Carlo twice and lcatkthe difference between
both results. Average area and average uncertaingrea in both cases
should limit towards the same value (the exactevafithe area) but if we

‘lé SINERGISE
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look at the difference between digitalizations, gan get an estimate for
relative area error.
Mathematically, we define relative area error as

! _ ()

where 1 is the area of the rectangle in the first case apist the area in the

second case.

In exact case, where1 =, = 0. But in Monte Carlo 1 and 2 for
the -th try are probably not the same. We can calculaeuncertainty of
relative area error by making a total derivativehaf equation (7).

)

21 ?2@0——A ?@ A — —2? (8)

From here, we get

o2 9

ol

In other words, we have the probability distribatid$d , for the first
measurement and $id 5 for the second measurement; now we can
calculate the probability distribution of the rélatdifference between them:

?C (10)

?b——0D

The of the above distribution equals to the expresg#®)n
when we are performing Monte Carlo, we are caltudas directly but results
are the same as theory predicts.

For OTS we use the same procedure as for ETS.

5.2 Results

We will look at the results for our three rectasgfeom Figure 20. We
observe two things: how

EF G

depends on area and how 52 interval depends on area.® is actually
1.96 s (reproducibility limit). We can see area uncertain"s" interval and
1.96 s - "2 s" interval on Figures Figure 35 and Figure 36s" interval
includes 67% of all cases - Figure 35 ands"2nterval includes 95% of all
cases - Figure 36. The expression relative arear eneans the same as
relative area uncertainty.
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2000 2500 3000 3500 4000

Figure 35: Normal distribution of area for DOP typéth "s" and "2 s" interval
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Figure 36: Normal distribution of relative differea of areas for ETS type witls™
and "2s" interval

On Figure 37 we can see the shape of REA(A). la isower law and
therefore hard to read for greater areasBecause of that we will use
logarithmic scales from now on, the results will peesented as linear
functions. In order to make results more readabeesdata is collected also
in tables.
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2w D ——

Figure 37: Linear scale example for DOP - for largareas it is hard to read
details

5.3 DOP

On Figure 38 we see relative area error that dependarea. On Figure 39
we see the "%" interval. For small areas uncertainties are atlo8% for
square, 20% for middle rectangle and more than f80%ng rectangle. For
"2 s" scenario they are exactly 1.96 times valuesdtdt the same area. We
can see that more elongated rectangles have meekegrelative area error
than squares at the same area. In Table 1 (filstrey are listed areas (in
ha) at REA = 3%, 5%, 7%. In Table 2 (first colunamg listed areas where
1.96s% is 3%, 5%, 7%.
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Figure 38: DOP, REA, red line - long rectangle; greline - middle rectangle; blue
line - square.
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Figure 39: DOP, "2s" interval; red line - long rectangle; green line middle
rectangle; blue line — square.
5.4 DOP + DIG

On Figure 40 we see relative area error that dependarea for DOP + DIG
scenario.
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Figure 40: DOP + DIG, REA; red line - long rectamglgreen line - middle
rectangle; blue line — square.

w |0 [
o\° |o\®

On Figure 41we see the "Z%" interval. InTable 1(second column) are listed

areas (in ha) at REA = 3%, 5%, 7%.Table 2(second column) are listed
areas where®6 s$ is 3%, 5%, 7%.
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Figure 41: DOP + DIG, "2s" interval; red line - long rectangle; green line -
middle rectangle; blue line — square.

5.5 DOP + DIG + INT

On Figure 42 we see relative area error that dependarea for DOP + DIG
+ INT scenario. On Figure 43 we see thes"ihterval. In Table 1 (third column)
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are listed areas (in ha) at REA = 3%, 5%, 7%. Ibl§& (third column) are
listed areas wheredb s$ is 3%, 5%, 7%.
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Figure 42: DOP + DIG + INT, REA,; red line - long ctangle; green line - middle
rectangle; blue line — square.
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Figure 43: DOP + DIG + INT, "2s" interval; red line - long rectangle; green line
- middle rectangle; blue line — square.

% DOP DOP+DIG DOP+DIG+INT

3 0.22 0.26 1.16
5 0.08 0.09 0.42
7 0.04 0.04 0.21
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3 1.125 1.31 5.86
5 0.40 0.47 2.11
7 021 0.24 1.04
3 331 3.98 17.2
5 1.20 1.41 6.18
7 0.61 0.71 3.16

Table 1: Area that has bigger relative area uncertya than the percent on the left
in ha = 13 2; Upper triplet: square; middle triplet: middle reangle; lower
triplet: long rectangle

S

DOP DOP+DIG DOP+DIG+INT

3 085 1.00 4.48
5 031 0.36 1.62
7 0.15 0.18 0.83
3 5.04 5.09 22.3
5 1.83 1.83 8.11
7 092 0.95 4.04
3 149 14.9 66.26
55139 5.40 23.87
7 271 2.77 12.18

Table 2: Area that has bigger "€ error than the percent on the left in ha =51Q
for "2 s" interval (95%); Upper triplet: square; middle plet: middle rectangle;
lower triplet: long rectangle

5.6 ETS1

On Figure 44 we see relative area error that dep@mdarea for ETS1

scenario. On Figure 45 we see thes"iterval. In Table 3 (upper half) are listed
areas (in ha) at REA = 3%, 5%, 7%. In Table 3 (bothalf) are listed areas
where 236 s$ is 3%, 5%, 7%.
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Figure 44: ETS1, REA,; First (DOP, DIG, INT) = (1®.4 m, 1m), Second (DOP,
DIG, INT) = (2.5 m, 0.4m, 0)

% Square Middle Long
3 2.60 12.99 38.45
5 0.93 4.66 13.83
7 0.48 241 7.20
3 9.86 50 148.37
5 3.62 18.01 53.80
7 1.80 9.17 2.35

Table 3: Area that has bigger relative area uncera than the percent on the left
in ha = 16 2 for ETS1 model. Upper half: REA -slinterval (67%), lower half: "2
interval (95%)
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Figure 45: ETS1, "%" interval; First (DOP, DIG, INT) = (1m, 0.4 m, 1im$econd
(DOP, DIG, INT) = (2.5 m, 0.4 m, 0)

5.7 ETS2

On Figure 46 we see relative area error that dep@mdarea for ETS2
scenario. On Figure 47 we see thes"iterval. In Table 4 (upper half) are listed
areas (in ha) at REA = 3%, 5%, 7%. In Table 4 (bothalf) are listed areas

where 286 s$ is 3%, 5%, 7%.

% Square Middle Long
3 0.96 4.87 14.45
5 034 1.74 5.09
7 0.17 0.88 2.61

3 3.68 18.86 55.73
5 131 6.77 20.04
7 0.69 3.34 10.09

Table 4: Area that has bigger relative area uncera than the percent on the left
in ha =106 2for ETS2 scenario; upper half: REA sinterval (67%), lower half "2"

interval (95%).
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Figure 46: ETS2, REA; First (DOP, DIG, INT) = (0,4m, 1m), Second (DOP,
DIG, INT) = (Om, 0.4m, Om)

Figure 47: ETS2, "%" interval; First (DOP, DIG, INT) = (Om, 0.4m, 1m$econd
(DOP, DIG, INT) = (Om, 0.4m, Om)

5.8 OTS

On Figure 48 we see relative area error that depemd area for OTS
scenario. On Figure 49 we see thes"terval. In Table 5 (upper half) are listed
areas (in ha) at REA =3%, 5%, 7%. In Table 5 (bottwalf) are listed areas

where #86s$ is 3%, 5%, 7%.
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Figure 48: OTS, REA; First (DOP, DIG, INT) = (1m,46n, 1m), Second (DOP,
DIG, INT) = (0.195m, 0.0, 0)

Figure 49: OTS, "2s" interval; First (DOP, DIG, INT) = (Im, 0.4m, 1mgecond
(DOP, DIG, INT) = (0.195m, 0.0, 0)

% Square Middle Long
3 1.16 5.86 17.47
5 0.42 2.11 6.35
7 0.21 1.12 3.17
3 4.48 22.45 66.514
5 1.63 8.11 24.03
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7 0.83 4.04 12.29

Table 5: Area that has bigger relative area uncira than the percent on the left
in ha =106 2for OTS scenario. Upper half: REA sinterval (67%), lower half. 2"
interval (95%);

5.9 Comparison of REA and "2 sigma”
interval

In previous tables we have compared areas at the B&EAs or "2" intervals,
now lets fix the area and compare REAs ansf itfervals.

% DOP DOP+DIG DOP+DIG+INT ETS1 ETS2 OTS

Square 0.137 0.14 0.32 0.48 0.29 0.32
Middle  0.31 0.32 0.73 1.09 0.65 0.74
Long 0.54 0.59 1.24 1.86 1.13 1.24
Square  1.00 1.07 2.28 3.38 2.06 2.29
Middle  2.26 2.43 5.03 7.53 4.68 5.05
Long 3.80 4.18 8.79 13.19 8.00 8.82
Square 1.41 1.54 3.17 4.74 2.88 3.19
Middle  3.16 3.41 7.17 10.71  6.57 7.19
Long 5.55 5.85 12.35 18.6 11.29 12.
Square  2.00 2.15 451 6.73 4.10 4.53
Middle  4.48 4.86 10.17 1524  9.22 10.21
Long 7.65 8.41 17.5 26.11 15.88 1754
Square 4.46 4.76 10.04 1515 9.21 10.08
Middle 10.07 10.67 22.90 34.09 20.61 2294
Long 17.23 18.65 39.24 59.09 36.10 39.52

Table 6: Comparison between different scenariosARE100 ha (first - third line),
2ha (4th - 6th line), 1 ha (7th - 9th line), 0.5(h@th to 12th line), 0.1 ha (13th to
15th line)

% DOP DOP+DIG DOP+DIG+INT ETS1 ETS2 OTS

Square 0.27 0.27 0.63 0.94 0.58 0.63
Middle  0.61 0.62 1.44 2.13 1.28 1.44

Long 1.06 1.15 2.43 3.66 2.22 2.45
Square 1.97 2.10 4.47 6.63 4.04 4.49
Middle  4.69 4.75 9.85 1476  9.18 9.89

Long 8.19 8.21 17.23 2585 15.67 17.28
Square 2.76 3.01 6.22 9.28 5.65 6.24
Middle  6.68 6.68 14.04 21.00 1288 14.10

Long 11.39 11.47 24.20 36.46 2214 24.30
Square 3.91 4.22 8.84 13.19 8.03 8.88
Middle  9.36 9.51 19.95 29.89 18.07 20.01

Long 16.07 16.49 34.30 51.18 31.13 34.38
Square 8.73 9.32 19.67 29.69 18.06 19.75
Middle 21.01 20.90 44.89 66.81 40.40 44.96

Long 35.97 36.55 76.9 11581 70.76 77.46
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Table 7: Comparison between different scenarios:s™terval at 100ha (first -
third line), 2ha (4th - 6th line), 1 ha(7th - 9timé), 0.5 ha (10th to 12th line) and
0.1 ha (13th to 15th line)

6 FURTHER EXAMPLES

6.1 3 cases of rectangles - different
parameters

In previous chapter we have seen examples foixatypes - DOP, DOP +
DIG, DOP + DIG + INT, ETS1, ETS2 and OTS for on¢ skeparameters,
(DOP, DIG, INT) = (1 m, 0.4 m, 1m) and some vadas of that in ETS1,
ETS2 and OTS types. For each type there was a REAL(S") graph and "2
s" graph; in addition, some typical area values %t 5%, 7% and some typical
REA (relative area uncertainty) at A= 100 ha, 2hha, 0.5 ha, 0.1 ha were
listed.

We would like to compare previous results with @elichange in some
parameters - only for a few representative graplsr@ambers.

- DOP: the only parameter is uncertainty of a verRMSE = 0.2 m. Set
of parameters is (0.2 m, 0, 0).

- DOP + DIG: 2 parameters, uncertainty of a verte amcertainty caused
by digitalization. Set of parameters is (0.2 m03@& m, 0).

- DOP+ DIG + INT: 3 parameters, RMSE, uncertainty seal by
digitalization and uncertainty caused by interpreta Set of parameters
is (0.2 m, 0.4036 m, 1m).

- ETS1: comparison of two cases, first is DOP + DIGINT with
parameters (0.2 m, 0.4 m, 1m), second is DOP + Wi3 parameters
(0.4m, 0.4036 m, 0) - in the second case we talgebiRMSE.

On Figure 50 we see the linear scale example foP.DOve compare it to

Figure 37, we can see that REA at the same arsmadler in the case of
DOP =0.2m.
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Figure 50: Linear scale example for DOP with RMSB.2 m

This is even more obvious if we look at the lodariic scale - Figure 51 for
DOP and compare it to DOP with RMSE = 1m - FiguBe Bor instance, at
= 0% ha, REA»1.5% (square) for RMSE = 0.2 m, while at RMSE = 1m
REA »4.5% (square).
On Figure 51 we can see DOP + DIG, REA examples@ébrof parameters
(DOP, DIG, INT) = (0.2 m, 0.4 m, 0), on Figure 53a DOP + DIG + INT,
REA example for set of parameters (DOP, DIG, INT(0=2 m, 0.4 m, 1m)
and on Figure 54 is a DOP + DIG + INT, "2 sigmaaeple for the same set
of parameters. On Figure 55 we can see ETS1 sceriadrs" example with
parameters (DOP, DIG, INT) = (0.2 m, 0.4 m, Im}Herfirst case and (DOP, DIG,
INT) = (0.2 m, 0.4 m, O) for the second case.
In Table 8 are listed relative area uncertaint@s"® s" interval for the above
examples.
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Figure 51: DOP, REA for RMSE = 0.2 m; red line ndprectangle, green line -
middle rectangle, blue line - square

Figure 52: DOP + DIG, REA for RMSE = 0.2 m; reddin long rectangle, green
line - middle rectangle, blue line - square
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Figure 53: DOP + DIG + INT, REA for RMSE = 0.2 n&d line - long rectangle,
green line - middle rectangle, blue line - square

Figure 54: DOP + DIG + INT, "2s" interval for RMSE = 0.2 m; red line - long reatge)
green line - middle rectangle, blue line — square
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Figure 55: ETS1, "25" interval for RMSE = 0.2 m (first case) and RMSB.4m (second
case); red line - long rectangle, green line - niédkctangle, blue line - square

% DOP DOP+DIG DOP+DIG+INT ETS1 % DOP

Square 0.05 0.12 0.56 0.57 Square 0.05
Middle 0.12 0.27 1.27 1.30 Middle 0.12
Long 0.21 0.48 2.18 2.23 Long 0.21
Square 0.39 0.87 3.9 4.02 Square 0.39
Middle 0.88 1.96 8.9 9.11 Middle 0.88
Long 151 3.41 15.25 15,53 Long 151
Square 0.54 1.21 5.64 5.75 Square 0.54
Middle 1.22 2.77 12.64 12.87 Middle 1.22
Long 2.08 4.80 21.7 22.08 Long 2.08
Square 0.78 1.73 8.0 8.08 Square 0.78
Middle 1.76 3.93 18.1 18.43 Middle 1.76
Long 3.00 6.71 31.0 3148 Long 3.00
Square 1.68 3.76 17 17.54 Square 1.68
Middle 3.79 8.62 38.30 39.52 Middle 3.79
Long 6.60 14.86 66.95 68.20 Long 6.60

Table 8: Comparison between different scenarioss™anterval at 100ha (first -
third line), 2ha (4th - 6th line), 1 ha(7th - 9timé), 0.5 ha (10th to 12th line) and
0.1 ha (13th to 15th line).

6.2 Shorter segments

So far we have always studied rectangles (or tles)gvith fixed number of
vertices - 4 for rectangles or 3 for triangles. ®amr simulation give
different results if we add vertices to polygoris analogy to the real world,
is it better to make shorter segments?

49



Uncertainty of LPIS data or how to interpret ETS results

On Figure 56 we can see an example of a rectangte faur original
vertices (green points); on Figure 57 the red goare the added vertices.
Now we perform Monte Carlo on all vertices, the oftes and the new ones
and compare results.

Figure 56: The original rectangle with four vertee

Figure 57: Rectangle, transformed into polygon wstiorter segments - the red
points are the added vertices

On Figures Figure 58, Figure 59 and Figure 60 wesee the comparison
between two absolute area uncertainties - the goeen represents the
original rectangle and the red one the one withteh@segments. On Figure
58 the segment is relatively long in comparison {@n interval [0, ] we

pick side length) -$ = 0% and both uncertainties are practically equal. On

Figure 59 the segment is middle length = 0% and we can see that
uncertainty is smaller. If the segment is much sen#han the side, like =
0% on Figure 60 we can see that area uncertaintyioosly falls
significantly. The segments also can not be tootshitne same rule applies
to them, two vertices must be at least aBGistance.

Figures Figure 58, Figure 59 and Figure 60: Conspariof area uncertainty
for original rectangle (green points) and rectanglégh segments (red
points); length of segments (Figure 58) = 0%, (Figure 59)$ = 0%,
(Figure 60) $ = 0%, where is the length of interval from which we pick
side length.
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Figure58:1 =08

Figure59:1 =05
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Figure60:1 =01

Let's compare how shorter segments work for thasgs of rectangles. On
Figure 61 we can see the comparison for DOP withSEM= 1 m and
segment length= 30 m. The red line as usually represents lootangle,
the green line middle rectangle and the blue liggase. The orange line
represents long rectangle with segments, the tisgume middle rectangle
with segments and the violet line square with segme

First thing we can see is that REA for cases wegmnsents is always smaller
or at least the same as REA for cases without seigmsot only that - when
we enlarge the sides of the rectangles, the leafjthe segment stays the
same - that is why lines that represent segmefitsniach faster that the
lines of the original rectangles. In case of squard middle rectangle we
can see that both cases stay the same until s@ae #rat is until both sides
are shorter than the length of the segment.
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Figure 61: DOP, REA with RMSE = 1m and segmenttlehg 30 m; comparison
between the original rectangles and the ones vétnents; red line - long
rectangle, green line - middle rectangle, blue kregjuare, orange line - long
rectangle with segments, turquoise line - middtg¢argle with segments, violet
line - square with segments.

/ CONCLUSION

In this study of area uncertainty we have lookesloate properties on which
area un- certainty depends on: area, perimetes, &rea constant perimeter
etc. For simulation we used Monte Carlo methodstFiwe have made a
general model for triangles where we learned thktive area uncertainty
(REA) gets smaller when area gets larger but onatier hand at one
particular area we can have many values of REAs §hve us the idea that
area uncertainty maybe also depends on shapenhobo area value. We

have looked at area uncertainty dependency on ptinand from there we
have seen that area uncertainty is limited betwien special types of

triangles: regular-like ones and isosceles-likesomith very small angles

between sides of equal length. We have also chettiedmit cases where
convergence to these two borders is not true anyraod from there we

have learned that the length of the side of a molyshould not be smaller
than vertex uncertainty times three if we want oumerical model to give

proper results. We have compared numerically ddfarea uncertainty with

analytically and have concluded that they are ratike at regular shapes.
We have done some buffer analysis but that didellodis anything new.

We have studied the same properties also for rglesnthe results were
comparable. Again we have seen how much area anmugr{absolute and

relative) depends on shape. We have made a compdds three cases of
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rectangles and different input uncertain- ties -mparable to digital
ortophoto (DOP), digitalization uncertainty (DOP HG), interpretation
error(DOP + DIG + INT). Then we made three othgety of calculating
uncertainty - ETS1, ETS2 and OTS where we comptaweddigitalizations
and observed the difference between them. For eftifese types we have
compared "1s" interval of distribution (equal to analyticallyalculated area
uncertainty) and "2s" interval (reproducibility limit). At the end weake
expanded basic model with adding vertices and tefislve shown we can
make area uncertainty smaller with this procedure.
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8 UNCERTAINTY COMPOSITION

In real-life scenarios, more than one process cHneince the measurement
of a variable. Polygon area measurement, for exanplinfluenced by the
uncertainty in the reference layer (digital ortHwmw), uncertainty in
interpretation of the polygon border as well asantanty in the digitization.
To arrive at the estimate of the area uncertaintgrgthe contributions of
different factors, we need to look at how the fieabr in area is constructed.
The offset of the measured area is the sum of tsffdee to the different
contributions:

? ? ? ?
If each of the contributing errors is normally distited around 0 with

RMSE of ;, , and ;3 respectively and if all the contributing errore ar
independent, then the estimate for the resultiagdstrd deviation is:

9 UNCERTAINTY OF RELATIVE
DIFFERENCE OF TWO
MEASUREMENTS

When we estimate the relative area error (RAE) ftaim measurements of
the same polygon, we have to take the uncertaiofid®th measurements
into account. The expression for RAE is straiglviand:

|1
H &@— —

Differentiating this expression with respect to fbotariables A1 and A2
gives the following expression:

2 2
KH —? —2 —@— —A

Assuming small errors, we can set A1 = A2 = A amdenthe expression for
the uncertainty of the relative difference as:

L L
LH|J 2 M_N M_N
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10 UNCERTAINTY OF POLYGON AREA
DERIVED FROM POINT POSITION
ERROR

10.1 1. Area error produced by
independent point position error

The area of a polygon can be written as the sumwredis under individual
line segments:

P P

Note that the indices in the expression should bepped cyclically when
the last point of the polygon is reached. We cawrite this expression to
expose only the terms involvingand v

_Q R R o OQ

Integration of the uncertain term fartimes its normal distribution (withy;)
yields the average contribution of the term todhea, which equals the term
itself:

(-
S T.! .&. . (—— wTY —Z?
4 U TV TV

This tells us that the mean area of the polygoh witcertain vertices will be
the same as the area calculated from the meanxvedstions. In other
words, area calculated from the mean vertex postice an unbiased
estimator of the true polygon area.

To arrive at an estimate of the standard deviatiothe area measurement,
we have to integrate the square of the area difterdetween the uncertain
and the true polygon. We square the whole sumdheteded to compute the
area, but most of the terms involvg or y; in the first power, and can be
removed due to the symmetry of the normal distidout

Q \T. . . .o .oA
AT . . . . ).

Integral over x; then yields:
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4U Vv \Y
~wM. . (V. V. N

VAW

The term withy coordinates of the neighbouring points represéhés
independent contribution of the ordinatdocthe uncertainty of the polygon,
while the two terms containing the neighbouringnisideltas describe the
effect of the interaction of the neighbouring peimmn the measured area
uncertainty.

All these terms will be further integrated to acsbfor uncertainty in all
other points, and finally produce the following exgsion for the total area
uncertainty (factor 1/2 comes from the fact thae tterms from the
expression in the sum will be included at otheides):

- wY& . ( -&y oy @
v Y o " - TV v Z

In case of isotropic error = = ), this simplifies to:
- " v M .« ( " " Y v N
In case all points have the same errge () the expression becomes:
— & . . (

This tells us that the variance (square of RMSEp@a measurement is
proportional to the sum of squares of the distanbesveen point’'s
neighbours (or sum of squared lengths of the dialgpnThe small term
independent of the summation index is significamiyoin case is
comparable to the length of the diagonals (butl stuhaller — see next
paragraph).

Note that this expression does not take into adcexinemely thin polygons,
where special provisions should be taken in theetamty analysis to rule
out any combinations of point offsets that woulddurce invalid geometries,
such as self-intersecting polygons, reversed @iemis etc.
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10.2 2. Area error produced by
correlated offset from the true
boundary

When the measured polygon boundary is offset froenttue boundary by
distance (in this case the individual point measurements aod
independent, but are strongly correlated), eitheéhé outside or to the inside
of the polygon, the offset of the measured areabeaapproximated with:

\ 17?5 e de U 7?5

Here denotes the length of the polygon boundary (inagicholes) while

and denote the number of outer and inner rings, rdb@bz The
first term clearly represents the (signed) areateckby offsetting each line
segment by , while the second term is produced by summaticth®fareas
of circular sectors that fill in the gaps betweba bffset line segments (see
Figure).

For any closed ring, the sum of angles generatiagcircular sectors will be

360°, making their total area equal the area aflacircle; for holes, the sum

of angles will be negative.

Integrating the expression for the area offsetgusimormal distribution for
(with standard deviations) yields the total uncertainty of the area:

f 1 ghi vi U s

Interestingly, this expression mostly depends oa tbial length of the
polygon boundary (in case the polygon has exaatly bole, this is true
exactly), and is only slightly influenced by thenmeer of holes in the
polygon (and outer rings for a multi-polygon). Inist approximation, the
measured area does not depend on the number df phigitized or the
shape of the boundary at all.

Note that while the approximation is quite corrémt positive offsets and
convex vertices, it is somewhat flawed in caseosicave angles or negative
offsets, as the area subtracted from the polygemigller than the area that
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is covered by the two neighbouring rectangles egeare). This is hardly
relevant for obtuse angles, but could be quiteiiggmt for acute angles.
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11 ABOUT RMSE AND 95%
CONFIDENCE INTERVAL IN THE
NORMAL DISTRIBUTION

Root-mean square error (RMSE oor standard deviatiohis a property of
the probability density function (PDF, also calledror or probability
distribution), that provides a measure of the tistron’s width or around its
mean or average value)( The following equations show the relations for
the mean and RMSE, for continuous PDFs (left) andaflist of N imprecise
measurements (right):

HpgJ k ; Imn ? o Hpgl T — v

A normal distribution (also called Gaussian) cemtrat 0 is only
parameterized with its width, which also coincides exactly with the
distribution’s RMSE:

W
61s /Ctu # 4?, RW ?0 EyzF *{[}~o€e,

Figure 62: Normal distribution centred at O

It can be seen from the distribution, that the phility is highest around the
mean (zero in the case of our figure), but therdsge significant probability
of a measured value being up to away from the mean. The probability of
a measured value falling up to oneaway from the mean can easily be
calculated:

ST, _? 37 >
7 f
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This tells us that for a normal distribution(or RMSE) is about equal to the
68% confidence interval — about 68% of the measuatdes will be found
within 1 of the mean. The farther from the mean we go, drigiercentage
of the measured values will fall within the selecteterval. If we would like
to know how far from the mean we need to go to 8886 of all measured
values, the result is easily found by integratiogfind the area under the
probability density function:

VW

s — "W Lft L 3

4
R,

So, in a normal distribution, 95% of all valuesIvalll in the interval whose
boundaries are 1.96 away from the mean on either side. This is illasd
on the following diagram:

Figure 63: 68% of all the values fall betweenand , and 95% of all the values
fall between -1.96 and 1.96
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12 STATISTICAL

ANALYSIS

SLOVENIAN LPIS DATA

12.1

Area of an individual parcel

OF
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The height of the lines in an area-weighed distrdmushows the total area
of the parcels which fall into the bin, as opposedthe frequency
distribution, which just shows the count. Area-wed distribution is useful
for establishing significance of certain kinds aihples (e.g. parcels with
small boundary length) in terms of the sum of d@heg cover.
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12.2 Length of the parcel’s boundary
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12.3 Absolute uncertainty of
parcel’s Area

the
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12.4 Relative uncertainty
parcel’s Area

of

the
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12.5 Effect on

the total area of all

parcels

Total Area= ° 479 661 ha
*Average Relative Uncertainty =|5.81%
%S &
*Sum of Absolute Uncertainties = | 7492 ha
T os
*_..divided by total area = ¢¢ 2 1.56 %
Uncertainty of Total Area = |9.8ha
Z. 7.

0.002%

Relative Uncertainty of Total Area =
Zaee

¥

* items marked with asterisk are not relevant for the analysis of the total area

12.6 Thresholds Applied to 95%
Confidence Interval

95% THRESHOLD | 0..0.2 ha

0.2..0.5 ha >0.5ha

>3% 35.83 %

10.22 % 1.38 %
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>5%

24.02 %

3.02 %

0.18 %

>7%

16.30 %

1.18 %

0.02 %
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13 DIGITIZATION EXPERIMENT
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